We carry out a fluctuation analysis of the non-abelian Born-Infeld action up to order F 6 in the presence of a background intersecting D-branes system. We compare the mass spectrum which is obtained in our analysis to the spectrum derived from the worldsheet analysis. The mass spectra completely agree with each other. This result provides a strong support for the claim that the action we analyze here, which was proposed in hep-th/0208044 by Koerber and Sevrin, is the correct low energy effective action of string theory. §1. Introduction
§1. Introduction
It is very important to consider D-brane dynamics in string theory. For slowly varying fields, the low energy dynamics of a D-brane is described by the DiracBorn-Infeld action. For N coincident D-branes, the gauge group becomes U (N ) and the leading low energy limit is described as the U (N ) super Yang-Mills theory. 1) It is desirable to know the full non-abelian effective action for slowly varying fields. There are some reasons for the difficulty to describe an explicit form of the non-abelian Born-Infeld action. The main problem in this regard is the ordering ambiguity. The field strengths do not commute with each other, and the ordering of terms can not be determined without further information. In addition, there is also ambiguity involved in expressing the non-abelian Born-Infeld action in terms of either field strength or covariant derivatives. Therefore the expansion under slowly varying fields becomes ambiguous. It was proposed that higher order corrections are given by the non-abelian generalization of the Born-Infeld action with a symmetrized trace. 2) There are some problems with this proposal at order F 6 , that is, the fluctuation spectrum of this action in a constant magnetic background differs from the spectrum obtained by the worldsheet analysis, 3) as pointed out in Ref. 4 ). The mass spectrum was further examined in Ref. 5) , and a new method to determine the non-abelian Born-Infeld action was developed in Ref. 6 ). The authors of that work started from BPS solutions to the Yang-Mills action that define stable holomorphic bundles and considered deformation of the Yang-Mills action. They required that stable holomorphic bundles satisfy the equations of motion and constructed higher order terms of F from lower order terms. In the abelian case, they found that the deformation is given uniquely by the abelian Born-Infeld action. This method has been applied to construct the F 5 non-abelian effective action. 7) This action has been examined by the fluctuation analysis in a magnetic background, 8) and agreement with the worldsheet analysis has been found. This action was also confirmed through direct calculation of the open superstring 5-point amplitude. 9) F 6 non-abelian Born-Infeld terms were also proposed in Ref. 10) in the same way, but no tests have yet been carried out up to this order.
Recently, we considered the recombination in non-supersymmetric intersecting D-branes system at one angle in the Yang-Mills Higgs theory. 11) * * In that system, the tachyon mode localized at the intersection point which connects two D-strings condenses and that causes the recombination. In Ref. 11), we obtained the correct mass of the tachyon mode in the limit of small intersection angle. Therefore, by comparing the mass spectrum obtained in this analysis employing the action with higher F corrections to the result obtained from the worldsheet analysis, we can examine the non-abelian Born-Infeld action.
In this paper, we examine the non-abelian Born-Infeld action at order F 6 proposed in Ref. 10) by carrying out fluctuation analysis in the background intersecting brane system. This action has terms with covariant derivatives that cannot be eliminated by the field redefinition and necessarily remain. Therefore, the action at this order becomes much more complicated than that of lower orders, F 4 or even F 5 . Therefore, analysis up to this order is desirable in order to claim that the method proposed in Ref. 6 ) is appropriate. In §2, we present the mass spectrum which was obtained by the worldsheet analysis and also summarize the fluctuation analysis for the F 2 term and the F 4 terms in this system. In §3, we calculate the mass spectrum of the fluctuations for the action with the F 5 terms. In §4, we calculate the mass spectrum for the action with the F 6 terms. Most of the calculations presented here were carried out using Mathematica. Section 5 is devoted to discussion. A detailed calculation of the F 6 action is given in Appendix A. §2. Fluctuation analysis up to O(F 4 )
Before considering the fluctuation analysis, we present the mass spectrum of a string stretching between two D-strings intersecting at angle θ that is obtained by the worldsheet analysis. 3) This is given by
where n is 0, 1, · · · . In this section, we briefly explain the fluctuation analysis for the Yang-Mills action and for the non-abelian Born-Infeld action up to O(F 4 ). These were discussed in Ref. 11) in detail.
Fluctuation analysis in the intersecting brane system
Let us consider the low energy superstring effective action without Born-Infeld corrections, i.e., the Yang-Mills action. The (2+1) dimensional SU(2) Yang-Mills action is given by
2) * * The classical decay of unstable intersecting D-branes was also discussed in Ref. 12 ).
The worldvolume coordinates are taken as 0,1 and 2. By taking the T-duality along the 2 direction, we obtain the Lagrangian with transverse scalar fields in the bulk as * * *
where µ, ν = 0, 1, and the covariant derivative is defined as
This Lagrangian constitutes the low energy description of two D-strings. Now, we consider the intersecting D-strings background and discuss fluctuation around this background. The reason that we treat the Yang-Mills Higgs Lagrangian which emerges through dimensional reduction from the original Yang-Mills Lagrangian by taking the T-duality is because this results in calculation that is simpler than that in the case of the original Yang-Mills Lagrangian. The classical solution that represents the intersecting D-strings is given by
This solution represents D-strings intersecting at an angle θ ≡ 2 tan −1 (2πα ′ q).
The fluctuations we turn on here are expressed as
There is another combination of off-diagonal fluctuations for which Φ ∝ σ 2 and A 1 ∝ σ 1 , but it is sufficient to consider only the fluctuations (2.6), because other fluctuations decouple from these ones at the quadratic level. † The Lagrangian quadratic in the fluctuations is given bỹ
The equations of motion for this Lagrangian are obtained aŝ 8) where the differential operatorÔ 0 is written
(2.9)
Expanding the fluctuations in the mass eigen functions,
10) * * * We have absorbed the factor 2πα ′ of the second terms through a field redefinition of Φ. † These two combinations correspond to the modes connecting two branes with opposite directions. In the analysis of the non-abelian Born-Infeld action which is discussed later, we assume that the combination of the fluctuations f and g decouple from other fluctuations at the quadratic level.
the equation of motion for the fluctuation fields of the spatial part is obtained as
and the decomposed field C n (t) satisfies the free field equation
with the mass eigenvalues m n . The mass squared m 2 n can be obtained by solving (2.11), and the result is
The corresponding normalizable eigen functions are obtained as
for n = 0, 2, · · · , and
for n = 3, 5, · · · . Considering the lowest mode n = 0, the mass squared is negative and given by
The corresponding eigen functions are Gaussian and given by
The mass tower (2.13) is expanded in θ as
Therefore, comparing (2.18) to (2.1), we conclude that the string mass spectrum is obtained correctly at O(θ) in the Yang-Mills analysis.
F 4 corrections
We consider the non-abelian Born-Infeld corrections at order F 4 in this subsection. We can obtain the F 4 terms by expanding the Lagrangian
and the result is
where Str denotes the symmetrized trace. For the Lagrangian up to this order, we take the T-duality along the 2 direction and carry out the fluctuation analysis, which is the same as that given in the previous subsection. The classical solution is identical to (2.5), because we consider the diagonalized solution. The Lagrangian quadratic in the fluctuations is obtained as
and the corresponding equations of motion for f and g are
where the differential operator derived from the F 4 terms is written
When we compare this fluctuation Lagrangian (2.21) to the Yang-Mills result (2.7), we find that the form of the mass term is unchanged, except for an overall factor. Therefore, the eigen functions are unchanged, and the modification emerges in the spacing of the mass tower as follows:
Therefore, we obtain the correct O(θ 3 ) corrections. §3. F 5 corrections
The non-abelian Born-Infeld Lagrangian at order
The overall sign is different from that in Ref. 10 ). This results from the difference in the choice of the basis. We choose a hermitian basis here, and they chose an anti-hermitian basis.
As in the analysis given in the previous section, we take the T-duality and consider off-diagonal fluctuations around the background intersecting brane system at angle θ. A straightforward calculation leads to the Lagrangian quadratic in the fluctuations asL 2) and the contribution from the Lagrangian of the F 5 term is given bỹ
whereḟ (x, t) and f ′ (x, t) denote the derivatives of f (x, t) with respect to t and x respectively. The equations of motion for this Lagrangian are given by
where the F 5 part of the differential operator is written
To find the solution of (3.4), let us consider the form of the solution as
where we ignore the normalization constant. We have taken the spatial dependence of the solution to be equivalent to the tachyon mode of the leading order result (2.17). Therefore, this solution should correspond to the tachyonic lowest mode. This solution satisfies the equations of motion (3.4) when
However, what we want to obtain is the mass for the equations of motion (3.4), and therefore we must diagonalize the ∂ t operators in (3.5) so that they are proportional to ∂ 2 t ·1. We carry out this procedure through the field redefinition given by
Under this transformation, the time derivative operators in the equations of motion (3.4) become space derivative operators, and the redefined fieldsf andg obey the deformed equations of motion
whereÔ ′ 3 is the differential operator deformed through the field redefinition and is given bŷ
The time dependence of the solution (3.6) remains unchanged under the field redefinition (3.7), and therefore the redefined solution is easily obtained by substituting (3.6) into (3.7) as
We obtain a 1 = b 1 = 0 again, which are now the corrections for the mass eigenvalue ‡ by solving the equations of motion (3.8) up to O(q 5 ). Therefore, the action at order F 5 gives no contribution to the mass of the lowest tachyon mode at both O(θ 4 ) and O(θ 5 ). Next, we consider the F 5 correction for the massive mode. The ansatz we consider here is
where u sol n (x) and v sol n (x) are the solutions of the Yang-Mills analysis given in (2.14) and (2.15). This solution satisfies the equations of motion (3.4) when a ′ n1 = b ′ n1 = 0 up to O(q 5 ). The field redefinition (3.7) leads to the equations of motion (3.8), and the redefined solution for the massive mode is represented bỹ
−qx 2 ‡ There is some ambiguity in the field redefinition that diagonalizes the time derivative operator in (3.7). This is due to the fact that we can choose whether to absorb theḟġ term through the redefinition of f or g. When we change the form of the field redefinition, the redefined operator also changes, and there is no ambiguity in the corresponding mass eigenvalue up to this order.
+
for n = 0, 2, · · · , and 13) for n = 3, 5, · · · . These solutions satisfy the redefined equations of motion (3.8) if a ′ n1 = b ′ n1 = 0. Therefore, we conclude that the F 5 action (3.1) does not contribute to the mass spectrum up to O(q 5 ) which agrees with the mass spectrum obtained by the worldsheet analysis. §4. F 6 corrections
The non-abelian Born-Infeld Lagrangian of F 6 terms proposed in Ref. 10 ) is written
where L 4,1 is given by
and L 4,3 is given by 
L 4,1 is the symmetrized trace part of the non-abelian Born-Infeld action, and L 4,2 comprises the terms with four covariant derivatives and L 4,3 with eight covariant derivatives.
After taking the T-duality, we consider off-diagonal fluctuations around the background intersecting D-branes at an angle θ, as in the analysis given in the previous section. A straightforward but lengthy calculation leads to the Lagrangian quadratic in the fluctuations asL 4) and the contributions from the F 6 terms are given bỹ
We present this calculation term by term (19 terms) in detail in Appendix A. The equations of motion for the total Lagrangian quadratic in the fluctuations are obtained as
whereÔ 4,1 andÔ 4,2 +Ô 4,3 are given bŷ
The first term in (4.9) is derived from the fifth term in the Lagrangian (4.6), the second term from the first and fourth terms, the third term from the sixth term, the fourth term from the second and third terms, and the fifth term from the seventh and eighth terms. The form of the solution we consider here is
By substituting the solution (4.10) into the equations of motion (4.7), we obtain the resultÔ 11) and summing up all the equations leads to
We can easily solve (4.12), obtaining the result a = 1/5. To obtain the mass eigenvalue for the equation (4.7), we diagonalize the time derivative operator through a field redefinition, which yields
We obtain the equations of motion for the redefined field as
whereÔ ′ 4 is the operator deformed fromÔ 4,2 +Ô 4,3 through the field redefinition and is given as follows: corresponding eigen function is obtained as
Therefore, we obtain the correct string mass spectrum to be
by considering the non-abelian Born-Infeld action up to order F 6 terms. §5. Discussion
We have carried out a fluctuation analysis of the non-abelian Born-Infeld action proposed in Ref. 10 ), and we obtained the correct string mass spectrum up to order F 6 terms. This is the first nontrivial check of the non-abelian Born-Infeld action at order F 6 , and this result indicates that the method proposed in Ref. 6 ) might be applicable to all orders in F . There might exist some clues for determining the non-abelian Born-Infeld action to all orders. In the action at order F 6 , the terms with covariant derivatives cannot be eliminated, and we cannot employ the slowly varying field approximation to obtain a consistent low energy effective action. Our analysis might also justify this claim.
In this analysis, we have considered intersecting D-strings as a background. The fluctuation of the off-diagonal mode around this background can be analyzed in SU(2) Yang-Mills theory, and the mass spectrum of the fluctuation mode is identical up to O(θ) with the well-known worldsheet result. We first considered the nonabelian Born-Infeld action with F 5 terms, and we obtained a mass spectrum of the off-diagonal fluctuation mode that is consistent with that found from the worldsheet analysis up to O(θ 3 ). The eigen functions for the spectrum were also obtained. Next, we considered the non-abelian Born-Infeld correction for F 6 terms, and the mass for the lowest tachyonic mode has obtained correctly up to O(θ 5 ). The corresponding eigen function was also obtained. In the analysis with the F 6 terms, the higher massive mode should be obtained correctly, but it is difficult to obtain because a naive ansatz like (3.11) does not satisfy the equations of motion. Therefore, to find the eigen function for the massive mode, it is necessary to employ another ansatz. The correct eigen function might give the correct mass spectrum. It may be interesting to look for the eigen function and check the resulting mass spectrum.
It is also desirable to carry out some other checks for this action. We considered the case in which there is one intersection angle here. Generalization to a higher dimensional intersecting D-branes system with two or more intersection angles may also be interesting.
